Abstract. The purpose of this paper is to generalize some results on ternary Leibniz algebras to the case of ternary Leibniz color algebras. In particular, we study color Lie triple systems. In order to produce examples of ternary Leibniz color algebras from Leibniz color algebras, several results on Leibniz color algebras are given. Then we introduce and give some constructions of ternary Leibniz-Nambu-Poisson color algebras. The relationship between associative trialgebras and −1-tridendriform algebras are investigated. Moreover, we give some methods of constructing modules over ternary Leibniz-Nambu-Poisson color algebras.
Introduction
The notion of n-Lie algebras were introduced by Filippov [9] in 1985 as a natural generalization of Lie algebras. More precisely, n-Lie algebras are vector spaces V equipped with n-ary operation which is skew symmetric for any pair of variables and satisfies the following identity :
[[x 1 , x 2 , . . . , Whenever the identity (1.1) is satisfied and the bracket fails to be totally skew symmetric we obtain n-Leibniz algebras [7] . Moreover, when the bracket is skew-symmetric with respect to the last two variables, (V, [−, −, −]) is said to quasi-Lie 3-algebras [6] . If in addition, [6] .
The n-Lie algebras found their applications in many fields of mathematics and Physics. For instance, Takhtajan has developed the foundations of the theory of Nambu-Poisson manifolds [15] . The general cohomology theory for n-Lie algebras and Leibniz n-algebras was established in [14] . The structure and classification theory of finite dimensional n-Lie algebras was given by Ling [11] and many other authors. For more details of the theory and applications of n-Lie algebras, see [8] and the references therein.
Specially, 3-Lie algebras are applied to the study of the gauge symmetry and supersymmetry of multiple coincident M2-branes in [2] . The authors in [12] studied non-commutative ternary NambuPoisson algebras and their Hom-type version. They provided construction results dealing with tensor product and direct sums of two (non-commutative) ternary (Hom-) Nambu-Poisson algebras, and examples and a 3-dimensional classification of non-commutative ternary Nambu-Poisson algebras.
The concept of n-Lie algebras are extended to the graded case by Zhang T. in [18] , in which he studied the cohomology and deformations of n-Lie colour algebras when n = 3, as well as the abelian extensions of 3-Lie colour algebras. Ivan Kaygorodova and Yury Popovc studied generalized derivations of n-ary color algebras [10] .
The aim of this paper is to construct ternary Leibniz-Nambu-Poisson color algebras. The paper is organized as follows. In section two, we recall basic notions concerning associative color algebras, Lie color algebras and averaging operator. Construction and various examples of Leibniz color algebras are given. In section three, we introduce ternary Leibniz color algebras and associative color trialgebras. We give some constructions of ternary Leibniz color algebras (and color Lie triple systems) from other algebraic structures. Then we study the relationship between associative trialgebras and −1-tridendriform algebras. In section four, we give some constructions of ternary Leibniz-Nambu-Poisson color algebras and give two constructions methods of modules over ternary Leibniz-Nambu-Poisson color algebras.
Throughout this paper, all graded vector spaces are assumed to be over a field K of characteristic different from 2.
Preliminaries
In this section, we give the definitions of associative color algebras, Lie color algebras, averaging operators on associative and Lie color algebras, and constructions of Leibniz color algebras.
Basic notions
Definition 2.1. 1) Let G be an abelian group. A vector space V is said to be a G-graded if, there exists a family (V a ) a∈G of vector subspaces of V such that
2) An element x ∈ V is said to be homogeneous of degree a ∈ G if x ∈ V a . We denote H(V) the set of all homogeneous elements in V.
If, f is homogeneous of degree zero i.e. f (V a ) ⊆ V ′ a holds for any a ∈ G, then f is said to be even.
Definition 2.2.
1) An algebra (A, ·) is said to be G-graded if its underlying vector space is Ggraded i.e. A = a∈G A a , and if furthermore A a · A b ⊆ A a+b , for all a, b ∈ G.
Let A ′ be another G-graded algebra.
2) A morphism f : A → A ′ of G-graded algebras is by definition an algebra morphism from A to A ′ which is, in addition an even mapping.
Definition 2.3. Let G be an abelian group. A map ε : G × G → K * is called a skew-symmetric bicharacter on G if the following identities hold,
If x and y are two homogeneous elements of degree a and b respectively and ε is a skewsymmetric bicharacter, then we shorten the notation by writing ε(x, y) instead of ε(a, b).
Let us also recall these definitions.
Definition 2.4. An associative color algebra is a G-graded algebra (A, ·) together with a bicharacter
for all x, y, z ∈ H(A).
Definition 2.5. A Lie color algebra is a triple (
for any x, y, z ∈ H(A).
Definition 2.6. 1) An averaging operator over an associative color algebra (A, ·, ε) is an even linear map α :
for all x, y ∈ H(A).
2) An averaging operator over a Lie color algebra (A, [·, ·], ε) is an even linear map α :
Definition 2.7. Let (A, ·) be a G-graded algebra and λ ∈ K. An even linear map R : A × A → A is called a Rota-Baxter operator of weight λ on A if it satisfies the identity
for any x, y ∈ H(A).
Constructing Leibniz color algebras
In this subsection, we give some results on Leibniz color algebras. They will provide examples of ternary Leibniz color algebras from other algebraic structures.
Definition 2.8. [4] A Leibniz color algebra is a G-graded vector space L together with an even
holds, for all x, y, z ∈ H(L).
Observe that a Lie color algebra is a Leibniz color algebra with ε-skew-symmetric bracket.
Example 2.9. Let (A, ·, ε) be an associative color algebra. Then (A, [−, −], ε) is a Lie color algebra with the bracket
for any x, y ∈ H(A). 6) for all x, y ∈ H(L).
We have a similar definition for Rota-Baxter Lie color algebras.
is also a Rota-Baxter Leibniz color algebra of weight λ with respect to the bracket
for all x, y ∈ H(L).
Now we give the below definition.
Definition 2.13. [4] A G-graded non-associative algebra (A, ·) with a bicharacter ε :
is called a left-symmetric color algebra.
The next result asserts that the ε-commutator of any left-symmetric color algebra leads to a Lie color algebra. Theorem 2.14. [4] Let (A, ·, ε) be a left-symmetric color algebra. Then, for any x, y ∈ H(A), the commutator 
The below proposition comes from Theorem 2.14 and Lemma 2.15.
is also a Rota-Baxter Lie color algebra of weight 0 with respect to the bracket
In what follows, we extend to color case some results on superalgebras [1] . The different results are also proved similarly.
We call Rota-Baxter left-symmetric color algebra of weight λ, a left-symmetric color algebra endowed with an even linear map R and satisfying the Rota-Baxter identity (2.4). Lemma 2.17. Let (A, ·, ε, R) be a Rota-Baxter left-symmetric color algebra of weight 0. Then (A, * , ε, R) is also a Rota-Baxter left-symmetric color algebra with respect to 
Proof. It follows from Theorem 2.14 and Lemma 2.17. 
Proof. The proof follows from Theorem 2.14 and Lemma 2.19. Definition 2.21. [5] A color algebra (A, ·, ε) is said to be a Lie admissible color algebra if, for any hogeneous elements x, y ∈ A, the bracket [−, −] defined by
satisfies the ε-Jacobi identity.
Example 2.22. Any associative color algebra and any Lie color algebra are Lie admissible color algebras [5] . 
It is known that every Rota-Baxter associative color algebra is color Lie admissible. Then we have the following proposition.
Proposition 2.24. Let (A, ·, ε, R) be a Rota-Baxter associative color algebra of weight 0. Equipped with the bracket
A becomes a Lie color algebra.
Proof. The proof follows from Theorem 2.14 and Lemma 2.23.
for any x, y, z ∈ H(L).
Then (L, * , ε) is a Lie admissible color algebra.
According to Lemma 2.26 and Theorem 2.14, we have :
be a Rota-Baxter post-Lie color algebra. Then A is a leftsymmetric color algebra with respect to
where {−, −} is the ε-commutator bracket. 
Proof. The proof follows from Theorem 2.14 and Proposition 2.27.
Let us continue to give other examples of Leibniz color algebras.
Example 2.29. [4] A left-symmetric color dialgebra is a G-graded vector space S equipped with a bicharacter ε : G ⊗ G → K * on G and two even bilinear products ⊣: S × S → S and ⊢: S × S → S satisfying the identities
for all x, y, z ∈ H(S ). Then the commutator bracket defined by
defines a structure of Leibniz color algebra on S . 
Ternary Leibniz color algebras and associative color trialgebras
This section is devoted to the construction of some ternary Leibniz color algebras.
Ternary Leibniz color algebras
Definition 3.1. A ternary Leibniz color algebra is a G-graded vector space A over a field K equipped with a bicharacter ε : G ⊗ G → K * and an even trilinear operation
[x, y, z] ⊆ A x+y+z whenever x, y, z ∈ H(A)) satisfying the following ternary ε-Nambu identity :
for any x, y, z, t, u ∈ H(A).
If the trilinear map [−, −, −] is ε-skew-symmetric for any pair of variables, then (A, [−, −, −], ε) is said to be a ternary Lie color algebra [18] .
It is proved in ( [7] , Proposition 3.2) that any Leibniz algebra is also a Leibniz n-algebra. We prove the analog for graded case and n = 3. That is one can get ternary Leibniz color algebras from Leibniz color algebras. Proof. Applying twice relation (2.5), for any x, y, z ∈ H(L), we have
This completes the proof. Here, we recall the definition of Leibniz-Poisson color algebras [4] and give some examples, which will also give examples for Theorem 4.5.
Definition 3.5.
A non-commutative Leibniz-Poisson color algebra is a G-graded vector space P together with two even bilinear maps [−, −] : P ⊗ P → P and · : P ⊗ P → P and a bicharacter ε : G ⊗ G → K * such that 1) (P, ·, ε) is an associative color algebra, 2) (P, [−, −], ε) is a Leibniz color algebra, 3) and the following right Leibniz identity :
holds, for all x, y, z ∈ H(P). 
Associative color trialgebras
We now introduce color trialgebras and establish their relationship with ternary Leibniz color algebras. 
Example 3.10. Any associative color algebra (A, ·, ε) is a color trialgebra with · =⊣=⊥=⊢.
Example 3.11. Any associative color dialgebra is a color trialgebra with trivial middle product.
Example 3.12. If (A, ⊣, ⊥, ⊢, ε) is a color trialgebra, then so is (A, ⊣ ′ , ⊥ ′ , ⊢ ′ , ε), where
The following proposition connects color trialgebras to non-commutative Leibniz-Poisson color algebras. As examples 3.7 and 3.8, it will also gives a construction of non-commutative ternary Leibniz-Nambu-Poisson color algebras.
Proposition 3.13. Let (A, ⊣, ⊥, ⊢, ε) be a color trialgebra. Then (A, ·, [−, −], ε) is a non-commutative Leibniz-Poisson color algebra with respect to the operations
Theorem 3.14. Let (A, ⊣, ⊥, ⊢, ε) be a color trialgebra. Then A is a ternary Leibniz color algebra with respect to the bracket
Proof. It follows from a straightforward computation.
Corollary 3.15. Let (A, ·, ε) be an associative color algebra. Then (A, [−, −, −], ε) is a ternary Leibniz color algebra, where
Observe that this ternary Leibniz color algebra coincides with the one constructed from Example 2.9 and Theorem 3.2.
Now we give some results on tridendriform color algebras and show that tridendriform color algebra leads to non-commutative Leibniz-Poisson color algebras.
Definition 3.16. Let q ∈ K.
A q-tridendriform color algebra is a quintuple (A, ⊣, ⊢, ·, ε) consisting of a bicharacter ε : G × G → K * and a vector space A on which the operations ⊣, ⊢, · : A ⊗ A → A are three bilinear maps satisfying :
15) for x, y, z ∈ H(A).
Remark 3.17. 1) Whenever q = 1, we recover the usual tridendriform color algebra [5] .
2) For any q 0, (A, ⊣, ⊢, q −1 ·, ε) turn to tridendriform color algebra whenever (A, ⊣, ⊢, ·, ε) is a qtridendriform color algebra. Conversely, if (A, ⊣, ⊢, ·, ε) is a tridendriform color algebra, then (A, ⊣, ⊢, q·, ε) is a q-tridendriform color algebra.
3) We recover dendriform color algebras [4] when the associative product is identically null. The below corollaries are based on some results of [13] and the following remark.
Remark 3.29. If R is a Rota-Baxter operator of weight λ ∈ K on the trialgebra (A, ⊣, ⊥, ⊢), it is also a Rota-Baxter operator of weight λ ∈ K on the associative algebra (A, * ) of Corollary 3.27. 
Color Lie triple systems
Definition 3.32. A color Lie triple system is a G-graded vector space A over a field K equipped with a bicharacter ε : G × G → K * and an even trilinear bracket which satisfies the identity (3.1), instead of skew-symmetry, satisfies the conditions
for each x, y, z ∈ H(A). 
Next we introduce color Jordan triple systems and study their connection with color Lie triple systems. and color Jordan triple identity (3.19) for any x, y, z ∈ H(J). 
We have the following result. Proof. The right ε-skew-symmetry is immediate. The ternary ε-Jacobi identity follows from (3.18). It remains to check the ternary ε-Nambu identity (3.1) for {−, −, −}. For any x, y, z ∈ H(J), we have
Similarly,
Then, using axiom (3.19), ternary ε-Nambu identity (3.1) holds for the bracket {−, −, −}.
Ternary Leibniz-Nambu-Poisson color algebras
We introduce non-commutative ternary Leibniz-Nambu-Poisson color algebras and give some procedures of construction. 
holds for any x, y, z, t ∈ H(A).
If in addition, the product · is ε-commutative, then the non-commutative ternary Leibniz-NambuPoisson color algebra is said to be commutative. Moreover, if the trilinear map [−, −, −] is ε-skewsymmetric for any pair of variables, then (A, ·, [−, −, −], ε) is called a ternary Nambu-Poisson color algebra, see [12] for trivial grading. The following proposition asserts that the direct sum of two non-commutative ternary LeibnizNambu-Poisson color algebras are also a non-commutative ternary Leibniz-Nambu-Poisson color algebra with componentwise operation. 
for any x, y, z ∈ H(A) and x ′ , y ′ , z ′ ∈ H(A ′ ).
Proof. It is straightforward.
The below theorem states that the tensor product of non-commutative ternary Leibniz-NambuPoisson color algebra by itself leads to non-commutative Leibniz-Poisson color algebra. 
Proof. It follows from a direct computation.
The following results affirm that one can get non-commutative ternary Leibniz-Nambu-Poisson color algebras from non-commutative Leibniz-Poisson color algebras. ) is a ternary Leibniz color algebra, thanks to Theorem 3.2. We now need to prove the compatibility condition (4.1). For any x, y, z, t ∈ H(A), we have
This ends the proof. 
Proof. It follows from Theorem 4.4 and Theorem 4.5.
It is proved in ([6] , Lemma 2.8) that every non-commutative Leibniz-Poisson algebra gives rise to ternary Leibniz algebra. In the below theorem, we extend this result the non-commutative Leibniz-Nambu-Poisson color algebra case. for any x, y, z ∈ H(A).
Proof. We only need to prove ternary ε-Nambu identity (3.1) and right ternary Leibniz rule (4.1). Then, for any x, y, z, t, u ∈ H(A), one has : {{x, y, z}, t, u} − {x, y, {z, t, u}} − ε(z, t + u){x, {y, t, u}, z}
The last line vanishes thanks to the right Leibniz identity (2.5). Next,
which also vanishes by (2.5).
In what follows we introduce and give constructions of modules over non-commutative ternary Leibniz-Nambu-Poisson color algebras.
First, we need the below definition. 
for any x, y ∈ H(A) and m ∈ H(M). 
satisfying the following sets of axioms
for any x, y, z, t ∈ H(A) and m ∈ H(M).
Remark 4.11. Axioms (4.5)-(4.9) mean that M is a module over a ternary Leibniz color algebra.
Next we have the following definition. In the below proposition, we construct modules on ternary Leibniz color algebras from modules over Leibniz color algebras. for all x, y ∈ H(L) and m ∈ H(M).
Then M is a module over the ternary Leibniz color algebra associates to the Leibniz color algebra L (as in theorem 3.2).
Proof. It is proved by a straightforward computation.
In order to have modules over non-commutative ternary Leibniz-Nambu-Poisson color algebras via morphism, we need the below definition. Then α is called a morphism of non-commutative ternary Leibniz-Nambu-Poisson color algebras.
Then we have the following result. 
